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ABSTRACT: This paper builds mixed multiplicity systems; the Euler- 
. Poincare characteristic and the mixed multiplicity symbol of N d -graded modules 

with respect to a mixed multiplicity system, and proves that the Euler-Poincare 
characteristic and the mixed multiplicity symbol of mixed multiplicity systems 
■ of the type (ki, . . . , fed) and the mixed multiplicity of the type (fci, . . . , kd) are 

the same. As an application, we get results for mixed multiplicities of ideals. 



1 Introduction 

The mixed multiplicity is an important invariant of Algebraic Geometry and Com- 
mutative Algebra. Risler- Teissier [20] in 1973 showed that each mixed multiplicity 
of n-primary ideals (in a noetherian local ring with maximal ideal n) is the mul- 
tiplicity of an ideal generated by a superficial sequence. For the case of arbitrary 
ideals, the first author [25] in 2000 described mixed multiplicities as the Samuel mul- 
tiplicity via (FC)- sequences. And by using filter-regular sequences, Manh-Viet [31] 
in 2011 characterized mixed multiplicities of multigraded modules in terms of the 
length of modules. Moreover, in two recent papers, by a new approach, the authors 
gave the additivity and reduction formulas for mixed multiplicities [33] and formulas 
transmuting mixed multiplicities via rank of modules [34]. In past years, the the- 
ory of mixed multiplicities has attracted much attention and has been continually 
developed (see e.g. [4, 5, 10, 11, 12, 13, 14, 15, 16, 19, 22, 23, 27, 28, 29, 30, 32]). 
However, how to find mixed multiplicity formulas, which are analogous to Auslander- 
Buchsbaum's formula (see e.g. [1] or [3, Theorem 4.7.4]) and Serre's formula (see 
e.g. [17] or [3, Theorem 4.7.6]) for the Samuel multiplicity theory, is not yet known. 
And this problem became an open question of the mixed multiplicity theory. 
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Let (A,m) be an artinian local ring with maximal ideal m and infinite residue 
field A/ra. Denote by N the set of all the non- negative integers. Let d be a positive 
integer. Put = (0, . . . , 1 , . . . , 0) G N d for each 1 < % < d and k = (ki, . . . ,kd); 

k! = k±\ ■ ■ ■ kj] | k |= ki + • • • + kd for each (ki,...,kd) G N d . Moreover, set 
= (0, . . . , 0) G N d ; 1 = (1, . . . , 1) G N d and n k = nj 1 • • • n d d for each n, k G N d and 
n > 1. Let S = © neN d S n be a finitely generated standard N d -graded algebra over 
A and let M = neN d M n be a finitely generated N d -graded ^-module that satisfies 
M = SM . For each subset x of S, we assign xM = if x = 0, and xM = (x)M if 
x ^ 0. Set S++ = n > x S n and S t = S Bi for 1 < % < d. Denote by Proj S the set of 
the homogeneous prime ideals of S which do not contain S ++ . Put 

Supp ++ M = {P G Proj S\M P ^ 0}. 



Assume that Si = S'(i ) ... i i) is not contained in ^Jkim s M and dimSupp ++ M = s, 
then by [8, Theorem 4.1], ^[^n] is a polynomial of degree s for all large n. Denote 
by -Pw(n) the Hilbert polynomial of the Hilbert function £^[M n ]. The terms of total 



n k 



degree s in the polynomial ?m(h) have the form ^| k | = s e(M; Then e(M; k) 

are non-negative integers not all zero, called the mixed multiplicity of M of the type 
k [8]. Now for each k G N d such that | k | > dimSupp ++ M, we put 



E(M; k) = 




k | = dim Supp ++ M, 
k | > dimSupp ++ M. 



Let (R, n) be a noetherian local ring with maximal ideal n and infinite residue 
field R/n. Let J,Ii,...,I d be ideals of R with J being n-primary. Let iV be a 
finitely generated .R-module. Set / = JI\---I d \ a : b°° = Un>o( a : k n ); and 
I = h,...,I d ; iM = if J, . . . , l\ kd] and I n = J™ 1 • • • l n d d . We get an N^-graded 
algebra and an N^+^-graded module: 

G\ Jnjn rx\ JnjaN 

T ~ ^7 jn+ljn aIld N ~ kjj jn+ljnjy' 
n>0, n>0 " n>0, n>0 

respectively. Note that T is a finitely generated standard -graded algebra over 

an artinian local ring R/J and M is a finitely generated N^ d+1 - ) -graded T- module; and 

N 

dimSupp ++ A/" = dim 1 by [8] and [25](see [14]). The mixed multiplicity 

of M of the type (k , k) is denoted by e(J^- ko+1 \ 1^; N) and which is called the mixed 
multiplicity of N with respect to ideals J, I of the type (k + l,k) (see [8, 14, 24]). 
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In this paper, we first build mixed multiplicity systems; the Euler-Poincare 
characteristic and the mixed multiplicity symbol of finitely generated N d -graded 
S'-modules with respect to a mixed multiplicity system. 

Definition 3.2. Let x = x±, . . . , x n be a sequence of elements in Uj=i &j consisting 
of mi elements of S±, . . . ,rrid elements of Sj. Then x is called a mixed multiplicity 

system of M of the type m = (mi, . . . , m<z) if dim Supp ++ ^— — ^ < 0. 

In the case that x is a mixed multiplicity system of the type m and | m |= n, it 
can be verified that ^™ =0 (— l)%i[iJj(x, M) n ] is a constant for n 3> (see Remark 
3.3). And denote by x( x > M) this constant. Then x( x , M) is briefly called the 
Euler-Poincare characteristic of M with respect to x. 

Definition 3.7. Let be a mixed multiplicity system of M. If n — 0, 

then ^[MJ = c (const) for all n ^> and we set e(x, M) — c. If n > 0, we set 
e(x, M) = e(x', M/xi) — e(x', M : Xi), here x' = x 2 , ■ ■ ■ , x n . We call e(x, M) the 
mixed multiplicity symbol of M with respect to x. 

As one might expect, we proved that the Euler-Poincare characteristic and the 
mixed multiplicity symbol of mixed multiplicity systems of the type k = (k±, . . . , kd) 
and the mixed multiplicity of the type k are the same by the following result. 

Theorem 3.12. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S -module. Let x be 
a mixed multiplicity system of M of the type k. Assume that dimSupp ++ M < | k | . 
Then we have 

£(M;k) = X (x,M) = e(x,M). 

This theorem shows that the mixed multiplicity symbol e(x, M) of M with respect 
to a mixed multiplicity system x does not depend on the order of the elements of x 
and the Euler-Poincare characteristic x( x , M) depends only on the type of x. These 
properties seem hard to be found by the definitions of them. 

Theorem 3.12 not only yields important consequences in the case of graded mod- 
ules (see e.g. Corollary 3.13; Corollary 3.15; Theorem 3.16; Corollary 3.18; Corollary 
3.19 and Corollary 3.20) but also gives interesting applications to mixed multiplici- 
ties of ideals as the following preliminary facts. 

Let us begin with defining a system of elements x = xi, . . . , x s in R such that the 
image x* of x in T is a mixed multiplicity system of Af. Then we need to choose x 
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satisfying the properties: 

J n I n (N/(x 1 ,...,x i )N) 



[Af/(xl,...,x*)Af] 



e 



(m, m) 



for all m ^> 0; m ^> and < % < s, and moreover, 

Af N 
dim Supp ++ — —. = dim — — — 1 < 0. 



x 



Af xiV : I°° 



That is why we use the following sequences (see Section 4). 

Definition 4.2. An element a G R is called a Rees's superficial element of iV with 
respect to I if there exists % G {1, . . . , d} such that a G h and aN f] I n IiN = al n N 
for all n ^> 0. Let xi, . . . , x t be a sequence in R. Then x±, . . . , x t is called a Rees's 
superficial sequence of iV with respect to I if Rees's superficial element of 

N/ (x±, . . . , Xj)N with respect to I for all j = 0, 1, . . . , t — 1. A Rees's superficial 
sequence of iV consisting of k\ elements of I±, . . . , kd elements of Id is called a Rees's 
superficial sequence of iV of the type k = (hi, . . . , k d ). 

Definition 4.4. Let x be a Rees's superficial sequence of iV with respect to ideals 

J, I of the type (ko, k). Then x is called a mixed multiplicity system of N with respect 

N 

to ideals J, I of the type (k , k) if dim — — — ^— < 1. 

Under our point of view in this paper, both the conditions of mixed multiplicity 
systems of iV are necessary to characterize mixed multiplicities of ideals in terms 
of the Euler-Poincare characteristic and the mixed multiplicity symbol of Af with 
respect to a mixed multiplicity system of Af. 

As an application of Theorem 3.12 we obtain the following theorem. 

Theorem 4.9. Let (R,n) denote a noetherian local ring with maximal ideal n and 

infinite residue field R/n. Let J, I±, . . . , Id be ideals of R with J being n-primary. Let 

N be a finitely generated R-module. Assume that I = JIi • • • Id is not contained in 

TV 

\J Ann R N and (k ,k) G N d+1 such that k + | k | = dim — — 1. Let x be a 



mixed multiplicity system of N with respect to ideals J, I of the type (/co,k) and x* 



the image o/x in (J^ =0 Tj. Then we have 

e (j[feo+i] )I [k]. 7V ) = X ( X * )A /-) = e(x*,A0. 



In order to continue describing mixed multiplicity formulas of ideals we need the 
next notation. 



TV 

Let k G N and k e N d such that /c + | k | > dim 1. We assign 



'N 



E(J [ko+1] ,I [k] ;N) = 



e (j[feo+i] )I [k]. 7V ) if A; + | k | = dim N T - 1, 

0*:J» 

if k + k > dim 1. 



Then from corollaries of Theorem 3.12 we get the following result for mixed mul- 
tiplicities of ideals. 

Corollary 4.13. Assume that I = JIi---I d is not contained in \J Ann^iV and 
e( J^ 0+1 1, iM, A^) 7^ 0. Let x = xi, . . .,x s be a mixed multiplicity system of N with 
respect to ideals J, I of the type (A;o,k). Denote by (rrii,hi) = (rrii, hn, . . . , hid) the 
type of a subsequence xi, . . . , X; L o/x for each 1 <i < s. And for each 1 < i < s, set 

= (x u . . . ,Xi_i)iV : Xj 
{x u . . . ,Xi_i)iV 

Then the following statements hold. 

N N 

(i) dim — - — - — = dim — — i for each 1 < i < s. 

W (xi, . . . , Xi)N : J°° 0^:/°° J ~ ~ 

(ii) e{J^\\M-N) = e (j ; -JL_) -Z s i=1 E{J^- m ^,I^;N t ). 



The paper supplied the mixed multiplicity theory with the important formulas 
which are analogous to that in the Samuel multiplicity theory. We hope that these 
results will be results with potentialities. Our approach is based on ideas of Aus- 
lander and Buchsbaum in [1], which were also introduced in [3] and several different 
books. We need to choose exactly objects suitable for the goal of the paper. 

This paper is divided into four sections. Section 2 is devoted to the discussion 
of mixed multiplicities of multigraded modules and filter-regular sequences that will 
be used in this paper. Moreover, we obtain an improvement version of [31, Theo- 
rem 3.4] (see Theorem 2.4). In Section 3, we build mixed multiplicity systems; the 
Euler-Poincare characteristic and the mixed multiplicity symbol, and prove that the 
Euler-Poincare characteristic and the mixed multiplicity symbol of mixed multiplic- 
ity systems of the type k and the mixed multiplicity of the type k are the same (see 
Proposition 3.8; Proposition 3.10; Theorem 3.12 and Theorem 3.16). We also obtain 
profound results in some particular cases. Section 4 gives applications of Section 3 
to mixed multiplicities of ideals and yields interesting consequences (see Corollary 
4.8; Theorem 4.9; Corollary 4.12; Corollary 4.13; Corollary 4.14). 
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2 Filter-Regular Sequences and Mixed Multiplicities 

This section defines mixed multiplicities and filter-regular sequences of finitely gen- 
erated N d -graded modules; gives an improvement version of [31, Theorem 3.4] and 
a difference formula of the Hilbert polynomial P M (n) (Proposition 2.6). 

Recall that Si = S^,„ t iy, k = (ki, . . . , kd); k! = k\\ • ■ ■ kd\; | k | = k\ + • • • + kd] 

n k = n\ x ■■■ n d d ; = (0, . . . , 1 , . . . , 0) G N d for each 1 < % < d. Assume that 

(») 

Si ^ y/Ann s M and dimSupp ++ M = s, then by [8, Theorem 4.1], £ A [M n ] is a 
polynomial of degree s for all large n. Denote by Pm(^) the Hilbert polynomial of 
the Hilbert function ^[M„]. The terms of total degree s in the polynomial Pjv/(n) 
have the form 



Then e(M; k) are non-negative integers not all zero, called the mixed multiplicity of 
M of the type k [8]. 

Denote by A k /(n) the k-difference of the polynomial /(n) for each k G N d . Then 
we have some following comments. 

Remark 2.1. Assume that dimSupp ++ M = s > 0. Since 



with degQ M {n) < s, it follows that A k P M (n) = e(M;k) for all k G N d satisfying 
| k | = s. If we assign dimSupp ++ M = — oo to the case that Supp ++ M = and the 
degree — oo to the zero polynomial then by [8, Theorem 4.1] and [31, Proposition 
2.7], we always have 



In a recently appeared paper [31], by using S' ++ -filter-regular sequences, Manh- 
Viet answered to the question when mixed multiplicities of multigraded modules 
are positive and characterized these mixed multiplicities in terms of the length of 
modules (see [31, Theorem 3.4]). 

We turn now to filter-regular sequences of multigraded modules. The notion of 
filter- regular sequences was introduced by Stuckrad and Vogel in [18] (sec [2]). The 
theory of filter-regular sequences became an important tool to study some classes of 
singular rings and has been continually developed (see e.g. [2, 9, 21, 22, 31, 33]). 




P M (n)= e(M;k)^ r + g M (n) 



degPM(n) = dimSupp ++ M. 
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Note that in [31] one denned S , ++ -filter-regular sequences in the condition 
Si y/Ann s M. In this paper, omitting the condition Si ^ ^AmigM, we need the 
following sequences. 

Definition 2.2. Let S be a finitely generated standard N rf -graded algebra over an 

artinian local ring A and let M be a finitely generated N rf -graded S-module. Let 

a G S be a homogeneous element. Then a is called an S ++ -filter-regular element 

with respect to M if (Om : a)n = for all large n. Let x±, . . . ,x t be homogeneous 

elements in S. We call that Xi, . . . , x t is an S++- filter-regular sequence with respect 

M 

to M if is an S ++ -filter-regular element with respect to — — for all 

{x 1 ,...,Xi-i)M 

i = l,...,t. 

Remark 2.3. Since (Om : 5++)n = for all large n by [31, Remark 2.4], it is 
easy to see that a homogeneous element a G S is an S' ++ -filter-regular element with 
respect to M if and only if 0^ : a C 0^ : Moreover, for each (ki, . . . , k^) G N d 
there exists an S' ++ -filter-regular sequence x in Uf=i &i with respect to M consisting 
of ki elements of Si, ... , k d elements of S d by [31, Proposition 2.2 and Note (ii)]. In 
this case, x is called an S' ++ -filter-regular sequence of the type k = (ki, . . . , k d ). 

Using S' ++ -filter-regular sequences and [31, Remark 2.6], we obtain the following 
improvement version of [31, Theorem 3.4]. 

Theorem 2.4 (see [31, Theorem 3.4]). Let S be a finitely generated standard N d - 
graded algebra over an artinian local ring A and let M be a finitely generated N d - 
graded S-module such that Si ^Ann^M . Let k = (ki,...,k d ) G N d with 
| k |= dimSupp ++ M. Assume that x is an S ++ -filter-regular sequence with respect 
to M consisting of ki elements of Si, . . . , k d elements of S d . Then we have 

= Oaf). 

for all large n. And e(M; k) ^ if and only z/dimSupp ++ (^^j = 0. 

Proof. First, note that ii a & Si satisfies (0m : a) n = for all large n, then 

£ A [(M/aM) n ] = £ A [M n ] - £ A [M n ^} 

for all large n by [31, Remark 2.6]. Therefore P M / a M{n) = Pm{**) — Pm(^ — e,). 
So A ei P M (n) = PM/auip). Hence A k P M (n) = Pm/xm(^) since x is an S' ++ -filter- 
regular sequence with respect to M consisting of k\ elements of Si, . . . , k d elements 
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of S d . Since | k |= dimSupp ++ M = degP^n), it follows that 



dim Supp 



++ 



M 
xM 



degP Af/xM (n) < 



and A k PM(n) = e(M; k) by Remark 2.1. Consequently, 



e(M;k) =P M /xM(n) = i A (^ 



M 



xM 



for all n ^> and e(M, k) ^ if and only if dim Supp 



++ 



M 
xM 



□ 



Remark 2.5. From the proof of Theorem 2.4, it follows that if a e Si is an S++- 
filter-regular element with respect to M then A ei P M (n) = P A f/ aM (n). Hence 



dim Supp 



++ 



M 
aM 



< dimSupp,,M — 1 



Moreover, we have the following proposition. 

Proposition 2.6. Let S be a finitely generated standard N d - graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module. Let 
a e Si. Then 

A 6l P M (n) = P M /aA/(n) - P( 0m : a)(n - «5i). 
Proof. Since the following short exact sequences 

• > a.\l n e — > M n —rr 11 -K) 

and 



aM n . 



— >• (0 M : a)„- ei — )• M n _ ei aM, 

M n _ 
_aM n _ Gl _ 

that A e *P M (n) = £ A [M n ] - £ A [M n ^] and P M /aM(n) = i A 



which follow that £ A [M n ] - £ A [M n _ e J = £ A 



a— ej ^ 0) 

£a[(0m : a)n-ej- Remember 
; and 



^(o M :a)(n - ei) = £ A [(0 M ■ a)„_ ei ] 
for all n > 0. Therefore A ei P M (n) = P M/aAf (n) - P( 0M:a )(n - e*). 



□ 
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3 The Euler-Poincare Characteristic and Multiplicities 

In this section, we first build mixed multiplicity systems; the Euler-Poincare charac- 
teristic and the mixed multiplicity symbol of finitely generated N d -graded ^-modules 
with respect to a mixed multiplicity system. Next we prove that the Euler-Poincare 
characteristic and the mixed multiplicity symbol of mixed multiplicity systems of 
the type k = (k± : . . . , kd) G N d and the mixed multiplicity of the type k are the 
same, and give interesting consequences. 

Let x be a system of n homogeneous elements in S. Then by [3, Remark 1.6.15], 
we may consider the following Koszul complex if.(x, M) of M with respect to x as 
an N d -graded complex with a differential of degree : 

— > K n (x, M) — > X n _i(x, M) — > ► tfi(x, M) — >■ K (x, M) — ► 0. 

Denote by if.(x, M) the homology of the Koszul complex of M with respect to x. 
We get the following sequence of the homology modules 

if.(x, M) : . . . # (x, M), i?i(x, M), . . . , if n (x, M) 

The Koszul complex theory became an important tool to study several different 
theories of Commutative Algebra and Algebraic Geometry. 

Remark 3.1. Note that .£Q(x, M) and i^(x, M) are finitely generated N d -graded 
S'-modules. And xifj(x, M) = for all < i < n (see [3, Proposition 1.6.5(b)]). 
Moreover, we have the following notes. 



(i) Since A/Ann s (M/xM) = ^ Krm s M + (x) and Ann s M+ (x) C Ann 5 i7j(x, M) 
for < i < n, it follows that Ann 5 - \/Anns/Ji(x, M) for < i < n. 

Consequently, if dim Supp ++ — ® ^ nen Supp ++ i/i(x, M) < for all 



< i < n. 



M \ 



ii) Assume that dim Supp ++ y— — j < 0. Then for each < i < n we have 
dimSupp ++ ifi(x, M) < by (i). Therefore by Remark 2.1, we get 

£ A [Hi(-x, M) n ] = aj(const) 

for all n ^> and for each < i < n. Hence there exists v e N d such that for 
each < i < n, £^[ifj(x, M) n ] = aj for all n > v. Consequently, we get the 
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following constant 

n 

x(x,M) = ^(-l)7 A [iJ i (x,M) 1 



i=0 



for all n > v. In this case, x(x, M) is briefly called the Euler-Poincare charac- 
teristic of M with respect to x. 

The Euler-Poincare characteristic of M with respect to a system x is one of the 
most important invariants of this paper. But the existence of the Euler-Poincare 
characteristic depends on x. Defining a sequence x such that there exists the Euler- 
Poincare characteristic x( x , M) and x( x , M) characterizes some mixed multiplicity 
of M is the reason why we give the following concept. 

Definition 3.2. Let x be a sequence of elements in U,=i consisting 

of mi elements of S±, . . . ,rrid elements of Sd- Then x is called a mixed multiplicity 

system of M of the type m = (m 1; . . . , m<j) if dim Supp ++ ^— — ^ < 0. 

Remember that in the case of modules over local rings, one gave the multiplicity 
systems that generate the ideals of definition. The results of this paper will show 
the usefulness of mixed multiplicity systems. 

Remark 3.3. We have the following comments for mixed multiplicity systems. 

(i) By Remark 2.3, for each k = (ki, . . . , kd) G N d there exists an S' ++ -filter- 
regular sequence x in Uf =1 Si with respect to M consisting of k\ elements of 
Si, . . . ,kd elements of Sd- Now we choose k such that | k | > dimSupp ++ M. 

Then by Remark 2.5, we get dim Supp ++ — dimSupp ++ M— | k | < 0. 

Hence x is a mixed multiplicity system. So for any k = (hi, ... , kd) G N d with 
| k | > dimSupp ++ M, there exists a mixed multiplicity system of M of the 
type k. 

fii) Let x be a mixed multiplicity system of M of the type m and 

X\ G Si. Then it can be verified that x' = x-i, ■ ■ ■ ,x n is a mixed multiplicity 
system of the type m — e^ of both M/x\M and (0m '■ xi)- And from Remark 
3.1(h), it follows that there exists the Euler-Poincare characteristic x( x , -^0 
and x(x,M) = ^" =0 (-l)Y A [//j(x, M) n ] for all n > 0, here n =| m | . Note 
that if n = then x(x, M) = x(0, M) = £ A [M n ] for all n > 0. 
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Lemma 3.4. Let — > M' — > M — > M" — > be an exact sequence of N d - 
graded S-modules. And let x be a sequence of elements in [_}f =1 Si. Then x is a 
mixed multiplicity system of M if and only if x is a mixed multiplicity system of 
both M' andM". 



Proof. Note that ^Ann(F/cF) = V AnnF + c for each ideal c and each module F. 
Hence since Ann^M C Ann^M' , it follows that 

dim Supp ++ (JL?J < dim Su PP++ (JL^j . 

On the other hand from the exactness of 

M'/xM' A M/xM ■> M"/xM" > 0, 
f M'\ 

it implies that dim Supp ++ I ^ j > dim Supp ++ Im g and 



M \ f „ T ,. „ ( M 



dimSupp ++ l — — J = max < dim Supp ++ Im g, dimSupp ++ 



xM/ [ ^ ll++ \xM" 

From the above facts, we immediately get that dim Supp ++ ^— —^j < if and 



only if dim Supp ++ ( - — ] < and dim Supp ++ ( — ) < 0. Thus, x is a mixed 



M' \ { M" 

— — < and dim Supp , , — — 
xM'J ~ ++ VxM" 

multiplicity system of M if and only if x is a mixed multiplicity system of both M' 
andM". □ 



Some basic properties of the Euler-Poincare characteristic with respect to mixed 
multiplicity systems are stated by the following lemma. 

Lemma 3.5. Let x = xi,...,x n be a mixed multiplicity system of M. Then the 
following statements hold. 

(i) x( x ?_ ) i- s additive on short exact sequences, i.e., if 

— > M' — > M — > M n — > 
is a short exact sequence then x(x, M) = x(x, M') + M"). 

(ii) Ifxi e VAnn^M then x(x, M) = 0. 

(iii) If Xi is M-regular and x' = x 2 , ■ ■ ■ , x n then x(x, M) = x(x', M/xiM). 
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Proof. Without loss of generality, we may assume that N d -graded S'-homomorphisms 
in this proof are N d -graded S'-homomorphisms of degree 0. 

The proof of (i): Since the Koszul complex is an exact functor, the exact sequence 
of N d -graded S-modules 



M 



M" 







— > M' ■ 

yields a long exact sequence 

> Hi(x, M') — > #,(x, M) — >■ #,(x, M") — > ^_x(x, M') — > ■ ■ ■ 

of N d -graded homology S-modules ii.(x, M). Hence for each n e N d we have an 
exact sequence of A- modules 



if,- fx, M f ) 



Hfa M) n — ► #,(x, M") n — ► ^i_i(x, M') n 



Recall that x is also a mixed multiplicity system of both M' and M" by Lemma 3.4. 
Hence by the addivity of length, the alternating sum of the lengths of the modules 
in this exact sequence is zero. This fact follows (i). 

The proof of (ii): First we consider the case that x\ G Ann^M. Recall that 
x' = x 2 , ■ ■ ■ ,x n . By [3, Corollary 1.6.13(a)], we have the following exact sequence 



f^x', M) — >• ^(x, M) — >• ^_i(x', M) ^ ^-i(x, M) 



• (3-1) 



Since x±M = 0, x' is also a mixed multiplicity system of M. Moreover, x\ annihilates 
ifj(x', M) for all i Hence the exact sequence (3.1) breaks up into exact sequences 

— >• #,(x', M) — > if^x, M) — >• ^_i(x', M) — > 

for all i. Therefore 

^[^(x, M) n ] = £ A [^(x', M) n ] + £ A [^_!(x', M) n ] 

for all i and for all large n. Note that iJ n+ i(x, M) = if_x(x, M) = 0, 



Tl+l 



71+1 



^(x',M) n ] +£ A [#,_ 1 (x',M) 1 



5>i)^( X ,M) n ] = 5>ir 

i=0 i=0 

for all large n. Since £a[-^ti+i( x ? ^f)n] = and 

n 

X (x,M) = ^(-l)7 A [^(x,M) I 



(3.2) 



i=0 
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for all n > 0, x( x , M) = by (3.2). So if x x M = then x(x, M) = 0. From this it 
follows that M/aM) = for all a G x. 



We turn now to the case that x-y G ^Ann^M. Then there exists u > such that 
a^M = 0m- On the other hand since x( x , M/x\M) = and the exact sequence 

— > x 1 M — > M — > M/x 1 M — > 0, 

which follow by (i) that x(x, M) = x(x, x±M). Therefore, x( x >^0 — x{^-, x \M) for 
all j > 1. Consequently x( x ) ^f) = x( x > ^"M) = x( x , 0m) = 0. We get (ii). 
The proof of (iii): Since x\ is M-regular, we have 

ifi(x, M) = H l (x',M/x 1 M) 
by [3, Corollary 1.6.13(b)]. Thus 

£ A [^(x, M) n ] = £ A [#*(x', M/x!M) n ] 
for all large n and for all i. From this it follows (iii). □ 

Using Lemma 3.5, we prove the following recursion formula for the Euler-Poincare 
characteristic of a graded module with respect to a mixed multiplicity system. 

Lemma 3.6. Let S be a finitely generated standard N d -graded algebra over an ar- 
tinian local ring A and let M be a finitely generated N d -graded S-module. Let 
x = xi,...,x n be a mixed multiplicity system of M. Set x' = X2,---,x n . Then 
we have 

X(x, M) = x(x, M/ Xl M) - X (x', M : x 1 ). 

Proof. Consider the following cases. 

If X\ G i/Ann 5 M then x(x, M) = by Lemma 3.5(h). In this case, 

SuppM/xM = SuppM/x'M. 
Hence x' is also a mixed multiplicity system of M. Hence since the exact sequence 

— > (0 M : x ± ) — > M M — > M/xiM — > 
we have x( x '> Mjx\M) — x( x ', ®m '■ x i) = by Lemma 3.5(i). So 
X( x , M) = x( x ', M/ Xl M) - X (x', M : Xl ). 

In the case that Xi ^ y/Axm^M and set D = M : x^°, X\ is regular on M/D. 
Then since xiMf]D = x±D, we have the exact sequence 

D M M ^ Q 

x±D xiM x\M + D 
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Hence 

by Lemma 3.5(i). Remember that M is noetherian, D = M '■ x\ for some v > 0. 
Hence xi G ^/Ann^-D. So x' is also a mixed multiplicity system of D. On the other 
hand x( x '? ^~7j) — x( x 'j 0m : ^1) since the exact sequence 

— > (0m '■ x \) — ► D — i— ?> D — > — ^- — ?> 0. 

Thus 

Recall that x 1 is regular on M/D, 



X ^' J x 1 M + D ) ~ X ^ D ] 



by Lemma 3.5 (iii). Now since 



M 

X(x,-p)=x(x, M)- X (x, J D) 



by Lemma 3.5 (i), we get 



x(x', — ) = y(x, M) - v(x, £>). 

Remember that X\ G VAnn^D, %(x, D) = by Lemma 3.5(h). So 

By (3.3) and (3.4) we obtain 

X(x, M) = X (x', M/xiM) - X (x', M : xi). 
The lemma is proved. □ 

Next we construct an invariant that is called the mixed multiplicity symbol with 
respect to a mixed multiplicity system. 

Definition 3.7. Let x = x±, . . . , x n be a mixed multiplicity system of M. If n = 0, 
then £ A [M n ] = c (const) for all n > and we set e(x, M) = e(0, M) = c. If n > 0, 
we set 

e(x, M) = e(x', M/x l M) - e(x', M : Xi), 

here x' = X2, ■ ■ ■ , x n . We call e(x, M) the mixed multiplicity symbol of M with respect 
to x. 
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Then the relationship between the Euler-Poincare characteristic and the mixed 
multiplicity symbol with respect to a mixed multiplicity system of M is given by 
the following proposition. 

Proposition 3.8. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module. Let x 
be a mixed multiplicity system of M. Then we have 

X (x, M) — e(x, M). 
Proof. Note that if the length of x is equal to 0, then we have 

X (x, M) = £a[H (x, M) n ] = £ A (M n ) = e(x, M) 

for all large n. Consequently the assertion follows from Lemma 3.6 and the definition 
of the mixed multiplicity symbol of M with respect to x (see Definition 3.7). □ 

The notion of mixed multiplicities e(M; k) of the type k of a module M always 
requires the condition 

| k | = dimSupp ++ M. 

This sometimes becomes a obstruction in describing the relationship between mixed 
multiplicities and the Euler-Poincare characteristic and in expressing mixed multi- 
plicity formulas. Consequently, we need the following extension. 

Definition 3.9. For each k G N d such that | k | > dimSupp ++ M, we put 

(e(M;k) if | k | = dimSupp ++ M, 
if | k | > dim Supp ++ M. 

Remember that for any k = (k±, . . . , kd) G M d with | k | > dim Supp ++ M, there 
exists a mixed multiplicity system of M of the type k by Remark 3.3(i). Then the 
mixed multiplicity of M of the type k and the Euler-Poincare characteristic of a 
mixed multiplicity system of M of the type k are directly linked by the following 
proposition. 

Proposition 3.10. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module. Let x be 
a mixed multiplicity system of M of the type k. Assume that dimSupp ++ M < | k | . 
Then we have 

£(M;k) = X (x,M). 
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Proof. Let P^(n) be the Hilbert polynomial of the Hilbert function ^[MJ. Set 
| k |= s. Then we have deg ?m(h) < s. Denote by r the number of all non-zero 
elements in x. We first will prove that 

x(x,M) = A k P M (n) 

by induction on r. 

Consider the case that r = 0. Then dimSupp ++ M < 0, so degP/wtn) < 0. Now 
if s = 0, then we have 

X (x, M) = e A [H (x, M) n ] = £ A [M n ] 

for all n 3> and 

A k P M (n) = A°P M (n) = £ A [M n ] 

for all n 3> 0. Hence 

x(x,M) = A k P M (n). 

If s > 0, then x(x, M) = by Lemma 3.5(h). Note that | k |= s > 0, A k P M (n) = 
since degP^n) < 0. Thus 

x(x,M) = A k P M (n). 

Therefore, if r = then x(x, M) = A k P/w(n). Consequently the result is true for 
r = 0. 

Next assume that r > 0; x = xi, . . . , x s and x\ ^ 0. Set x' = x%, . . . , x s . Let 
= M CM 1 CM 2 C---C M u = M 

be a prime filtration of M, i.e., Mj +i /Mj = S/Pj where Pj is a homogeneous prime 
ideal for all < j < u — 1 and 

{P ,P 1 ,...,P u _ 1 }CSuppM. 

Then we get dim Supp ++ S/Pj < dimSupp ++ M < | k | for all < j < u — 1 and 

P M (n) = ^P 5/Pj (n). 

3=0 

By Lemma 3.4, x is a mixed multiplicity system of S/Pj for each < j < u — 1. 
And by Lemma 3.5(i), it follows that 

u-l 

X (x,M) = J2x(x,S/P j ). 

3=0 
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Now if Xi G Pj and denote by x the image of x in S/Pj and consider x( x > S/Pj) as 
the Euler-Poincare characteristic of the S/ P,-module S/ Pj with respect to x then 

X frS/P j )=x(x,S/P j ) 

and Xi = in S/Pj. Hence if we call v the number of all non-zero elements 
in x then v < r. Note that we can also consider P s / Pj (n) as the Hilbert poly- 
nomial of the Hilbert function £A[(S/Pj) n ] in the S / Pj-module S/Pj. Then since 
dim Supp ++ S/Pj < | k |, by the inductive assumption we have 

A k P 5/P >)= X (x,S/P,). 

So 

A k P 5/Pj (n)= X (x,S/P,). 

In the case that x\ Pj then x\ is S/Pj-regular of S- module S/Pj. Now assume 
that X\ G Si. Then ki > 0; and by Remark 2.5 (see [31, Remark 2.6]), it follows that 

A ei P s/P .(n) = P s/{xuPj) (n) and 
dim Swpip ++ S/(xi, Pj) < dim Supp ++ S/Pj — 1. 

Remember that 

x(*,S/(x 1 ,P j ))=x(x,S/P j ) 

by Lemma 3.5 (iii) . But the number of all non-zero elements in x' is less than r and 
x' is a mixed multiplicity system of the type k - e, G N d of S/ (x 1: Pj); and 

dimSupp ++ <S , /(xi, Pj) < dim Supp ++ S/Pj — 1 

< dim Supp ++ M — 1 < | k — e$ | , 

by the inductive assumption, we get 

A^P s/(xuPj) (n) = X (^\S/(x 1 ,P j )). 

Note that 

A k -*P 5/(xi>Pj) (n) = A*-*[A«P S/Pj (n)] = A k P s/Pj (n). 

So 

A k P 5/Pj (n)= X (x,5/P,). 
Therefore, for each < j < u — 1, we always obtain 

A k P 5/Pj (n)= X (x,S/P,). 
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Recall that P M (n) = P s/Pj (n) and X (x, M) = Y^=l x(x, S/Pj). Consequently 

u — 1 1 

A k P M (n) = A k P S /p 3 (n) = J>(x, S/P,) = x(x,M). 
i=o j=o 

Thus x( x ) ^f) = A k PM(n). Induction is complete. Hence the equation 

x(x,M) = A k P M (n) 

is proved. Now remember that A k PM(n) = e(M;k) if | k | = dimSupp ++ M, and 
A k P M (n) = if | k | > dim Supp ++ M. Thus x(x, M) = E(M; k). □ 

The proof of Proposition 3.10 yields: 

Remark 3.11. We have x(x, M) = E(M; k) = A k P M (n). Hence if 

| k | > dimSupp ++ M 

then x(x, M) = since E(M; k) = 0. So x(x, M) ^ and hence e(x, M) ^ by 
Proposition 3.8 if and only if | k | = dimSupp ++ M and e(M; k) = E(M; k) 7^ 0. In 
particular, if dimSupp ++ M < then E(M; k) = for all k G N d and x is a mixed 
multiplicity system of M for each finite sequence x C (J^ =1 Sj. Therefore, 

X (x, M) = e(x, M) = 

for each finite sequence x C Uj=i 

Combining Proposition 3.8 with Proposition 3.10, we obtain the following main 
result of this paper. 

Theorem 3.12. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S -module. Let x be 
a mixed multiplicity system of M of the type k. Assume that dimSupp ++ M < | k | . 
Then we have 

P(M;k)= X (x,M) = e(x,M). 

Now assume that x is a mixed multiplicity system of M and a G x is an 5*++- 
filter-regular element with respect to M. Set x' = x\{a}. Since a is an S' ++ -filter- 
regular element, P( 0M:o )(n) = and hence dimSupp ++ (0M : a) < 0. Consequently 
e(x', 0m : a) = by Remark 3.11. Therefore 

e(x, M) = e(x', M/aM) - e(x, M : a) = e(x, M/aM). 

From this it follows that x( x , M) = x( x ', M/aM) by Proposition 3.8. 

We get the following corollary. 
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Corollary 3.13. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module. Let x 
be a mixed multiplicity system of M. Let a G x be an S ++ - filter-regular element with 
respect to M. Set x' = x\{a}. Then 

(i) X (x,M) = X (x',M/aM). 

(ii) e(x,M) = e(x',M/aM). 

Next, we will build the recursion formula for mixed multiplicities that is compat- 
ible with the recursion formula for Euler-Poincare characteristics. 

We need the following comments. 

Remark 3.14. Let a e Then we have A ei P M (n) = P M / aM (n) — P(o m: a)( n — e *) 
by Proposition 2.6. Since deg A ei P M (n) < degP M (n) — 1 = dimSupp ++ M — 1, it 
follows that degPM/aM(n) < dimSupp ++ M — 1 if and only if 

degP ( o M : )(n) < dimSupp ++ M - 1. 
Hence dimSupp ++ ^— — ^ < dimSupp ++ M — 1 if and only if 
dimSupp ++ (OM : a) < dimSupp ++ M — 1. 



Assume that dimSupp ++ ( — — J < dimSupp ++ M — 1. Then it follows by Remark 



Let k = (£4, ...,k d ) e N d with k t > and | k | > dimSupp ++ M. Let a e S^. 

M ' 

Jm t 

3.14 that dimSupp ++ (OM : a) < dimSupp ++ M — 1. It can be verified that there 
exists a mixed multiplicity system x of M of the type k such that a e x by Remark 
3.3(i). Set x' = x \ {a}. It is clear that x' is a mixed multiplicity system of both 
M/aM and (0 M : a) of the type k-e^. By Theorem 3.12, we get E(M; k) = x(x, M) 
and 

E(M/aM; k - a) = x(x', M/aM); 
E(0 M : a; k - a) = x(x', M : a). 

Hence E(M; k) = E(M/aM; k - e*) - E(0 M : a; k - e*) by Lemma 3.6. 

In particular, if a is an S' ++ -filter-regular element of M, then P( 0M . a )(n) = 0. 

Hence E(0m '■ a; k — e^) = 0. Moreover dim Supp ++ ^— —^j < dim Supp ++ M — 1 by 
Remark 2.5. In this case, we get E(M; k) = E(M/aM; k - e f ). 
The above facts yield: 



20 



Corollary 3.15. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module. Let 
a G Si. Assume that k = (ki, . . . ,kd) G N d satisfies | k | > dimSupp ++ M; hi > 0. 
Then the following statements hold. 



(ii) If a is an S ++ -filter-regular element of M then E(M; k) = E(M/aM; k — e^). 

Note that Corollary 3.15(H) is a generalization of [31, Proposition 3.3(i)]. 

Recall that Si = S(i,...,i). Now if Si £ y/Ann s M then dimSupp ++ M > 0. Set 
dim Supp ++ M = s. Then we have E(M; k) = e(M; k) for each k G N d with | k |= s. 
Hence from Theorem 3.12 we immediately get the following strong result. 

Theorem 3.16. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module such that 
Si is not contained in ^Ann^M. Set dim Supp ++ M = s. Assume that x is a mixed 
multiplicity system of M of the type k G N d with \k\= s. Then we have 



Remark 3.17. Theorem 3.16 proves that the mixed multiplicity symbol of M with 
respect to a mixed multiplicity system x does not depend on the order of the elements 
of x and the Euler-Poincare characteristic %(x, M) depends only on the type of x. 

Remember that for any k = . . . , kj) G N d with | k |> dimSupp ++ M, there 
exists an S ++ -filter- regular sequence x = xi, . . . , x s of M of the type k. Then x is 
also a mixed multiplicity system of M by Remark 3.3 (i) . And we have 



for each 1 < i < s by Corollary 3.13(h). Consequently, e(x, M) — el 0, ^ J. Note 




E(M; k) = E(M/aM; k - a) - E(0 M : a; k - e*). 



e(M;k) = X (x,M) = e(x,M). 



e(x, M) = e(x i+ i, ...,x s , M/(xi, Xi)M) 




that £ -J;0 = e 0, ^ by Theorem 3.12. Therefore 
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for all n > 0. So ^U(^) n ^ for all n > and hence e(x, M) 7^ if and only if 
dim Supp ++ (^) = 0. And in this case, | k |= dimSupp ++ M by Remark 3.11. 

Hence we have the following result that combines Theorem 2.4 ([31, Theorem 
3.4]) with Theorem 3.12. 

Corollary 3.18. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module. Let 
k G N d with I k |> dimSupp ++ M. Assume that x is an S ++ -filter-regular sequence 
with respect to M of the type k. Then we have 



£(M;k)= X (x,M)=e(x,M)=£ 



M 
xM' 



;0 



M 
xM 



for all large n. And E(M; k) 7^ if and only i/dimSupp ++ (^g) = 0. In this case, 
I k |= dimSupp ++ M. 

For any k G N d with | k |= dimSupp ++ M, there exists a mixed multiplicity 
system x = xi, . . . ,x s of M of the type k by Remark 3.3 (i) . By Theorem 3.16, 
e(M; k) = e(x, M). Set x.' = x 2 , ■ ■ ■ ,x s . And assume that x 1 G Then hi > 0. 
Since 

e(x, M) = e(x', M/xiM) - e(x', M : Xi), 

it follows that e(x', Mjx\M) > e(M; k). Note that x' is a mixed multiplicity system 
of the type k — of both Mjx\M and M : Now assume that e(M; k) > 0. Then 



we have e(x',M/x 1 M) > 0. Therefore s — 1 = dimSupp ++ 
So in this case, 



M 



by Remark 3.11. 



dim Supp_ 



M 
xiM 



dimSupp ++ M — 1. 



Hence dimSupp ++ (0M : ^1) < dimSupp ++ M — 1 by Remark 3.14. Remember that 
by Theorem 3.16, we have e{M j X\M\ k — e^) = e(x', M/x\M). Therefore, 

e{M/x 1 M; k - a) > 0. 

Consequently, by induction we easily get 



dim Supp 



++ 



M 



(xi, . . .,Xi)M 



= dimSupp ++ M— i > dimSupp_ 



(xi, . . .,Xi-i)M : Xi 



(xi, . . . ,Xi-i)M 

for all 1 < i < s. In this case, dim Supp ++ [^] = and e(0, ^) = i A {^) n for 
all large n. Denote by hj = (hn, . . . , hid) the type of a subsequence x±, . . . , X{ of x 
for each 1 < i < s. Then it is easily seen that x i+ i, . . . ,x s is a mixed multiplicity 
system of f t ^ e type k - and 

^Xl ,...,Xi—\ )1V1 



dim Supp 



++" 



( xi, . . . ,Xj-i)M : Xj 
(xi, . . .,Xi-i)M 



<\ k-h, 
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for all 1 < i < s. Hence 

e(x i+1 ,...,x s ,— — — = E[ — — — ;k-h, 



(xi, . . . ,Xi_i)M J V (xi, . . .,Xj_i)M 
for all 1 < i < s by Theorem 3.12. On the one hand 

e(x, M) = e (0, — j - g e - » ^ (xi, . . . , Xi_i)M J 

by Definition 3.7. On the other hand e(M; k) = e(x, M) and e(^; 0) = e(0, Jj) by 

Theorem 3.16. Thus, we have e(M; k) = e o) -£* =1 e(^^^; k-h^. 

The above remarks yield: 

Corollary 3.19. Lei 5 fre a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S -module such that 
Si is not contained in ^Ann^M. Let be a mixed multiplicity system 

of M of the type k with | k |= dimSupp ++ M. Denote by hj = (ha, . . . , hi d ) the type 
of a subsequence x±, . . . , Xi o/x for each 1 < i < s. Assume that e(M; k) ^ 0. T/ien 
the following statements hold. 



(xi,...,Xi)M 



dim Supp ++ M — « 



(i) For eac/i 1 < « < s, we have dim Supp ++ 

( U ) °) = M^) n ^ or a// /ar # e n and 

e(M; k) = eC-^i - V E^' " " " ' *-' )J f : * ; k - lA . 

Let A be the set of all homogeneous prime ideals P of S such that 

P G Supp ++ M and dimProj (S/P) = dimSupp ++ M. 

Then by [33, Theorem 3.1], we have e(M; k) = ^ PeA l(M P )e(5/P; k). Recall that 
if = M C Mi C M 2 C • • • C M u = M is a prime filtration of M, then for any 
P G A, there exists < % < u - 1 such that S/P = M i+1 /Mi by the proof of [33, 
Theorem 3.1]. Therefore, if x is a mixed multiplicity system of M then x is also a 
mixed multiplicity system of S/P for any P G A by Lemma 3.4. 

Hence by Theorem 3.16, we immediately obtain the following corollary. 
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Corollary 3.20. Let S be a finitely generated standard N d -graded algebra over an 
artinian local ring A and let M be a finitely generated N d -graded S-module such 
that Si is not contained in ^Ann^M. Denote by A the set of all homogeneous prime 
ideals P of S such that P e Supp ++ M and dimProj(S/P) = dim Supp ++ M. Set 
dimSupp ++ M = s. Assume that x is a mixed multiplicity system of M of the type 
k with | k | = s. Then 

(i) X (x,M) = J2 PeA £(Mp)x^,S/P). 

(ii) e(x,M) = £ PeA £(M P )e(x,SyP). 



4 Applications to Mixed Multiplicities of Ideals 

In this section, we will give some applications of Section 3 to mixed multiplicities of 
modules over local rings with respect to ideals. 

Let (R, n) be a noetherian local ring with maximal ideal n and infinite residue 
field R/n. Let iV be a finitely generated P-module. Let J, I±, . . . , Id be ideals of R 
with J being n-primary and h - ■ ■ Id ^ \/Ann R N. Recall that k = (ki, . . . , kd) € N d ; 
n = (m, . . . , n d ) E N d ; I = h, . . . , I d ; I« = if l] , . . . , l[ kd] and F = J™ 1 • • • I n d d . We 
get an N^ +1 ^-graded algebra and an N^ +1 ^-graded module: 

T ~ {±7 Jn+ljn aIld * ~ kjj jn+ljnjy 
n>0, n>0 n>0, n>0 

Then T is a finitely generated standard N^ 1 ) -graded algebra over an artinian lo- 
cal ring R/J and Af is a finitely generated N^ d+1 - ) -graded T-module. The mixed 
multiplicity of Af of the type (k , k) is denoted by e(j [fco+1] , I [k] ; N), i.e., 

e( J[ fc ° +1 l, Jf 1] , . . . , J™; AT) := e(jV ; fc , fc ls . . . , fc d ) 

and which is called the mixed multiplicity of N with respect to ideals J, I of the type 
(Jfeo + 1, k) (see [8, 14, 24]). Set I = Jh---I d and /„ = J. 

Remark 4.1. It can be verified that I C ^/AnnfjiV if and only if P(i,i) C ^/ Ann T AA. 

iV 

In this case, Supp ++ A/" = and — = 0. Then we assign 



0^ : I°° 



dim Supp , + Af = dim 



N 



++ J ■ (i 



= — OO. 
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If / Gj y/Aim.RN then on the one hand 

deg P/s(n) = dim Supp ++ A/ 
by [8, Theorem 4.1], and on the other hand 

N 

deg P M (n) = dim — - 1 

N : i°° 

by [25, Proposition 3.1(i)](see [14]). Hence 

N 

dim Supp , . M = dim 1. 

++ N : I°° 

N 

So we always have dim Supp , , Af = dim 1 in all cases. 

++ N : I°° 

Note that if a G h and a* is the image of a in Tj = Tj;o,..., i ,...,o) for < i < d then 



[A/"/ a*A/] ( m , m) 



J n r(N/aN) 

n>0, n>0 v ' 7 







(m, m) 



for all m ^> 0; m ^> if and only if 

aN p| J m I m IiN = aJ m I m N (mod J m+1 I m /^) 

for all m 3> 0; m 3> by [31, Remark 4.1]. This comment is the reason for using 
the following sequence. 

Definition 4.2. An element a G R is called a Rees's superficial element of A" with 
respect to I if there exists % G {1, . . . , d} such that a G and 

for all n ^> 0. Let xi, . . . , Xt be a sequence in R. Then xi, . . . , Xt is called a Rees's 
superficial sequence of A" with respect to I if Rees's superficial element of 

N/(xi, . . . ,Xj)N with respect to I for all j = 0, 1, ... ,t — 1. A Rees's superficial 
sequence of N consisting of k\ elements of I 1: . . . , k d elements of I d is called a Rees's 
superficial sequence of A" of the type k = (k 1: . . . , k d ). 



Remark 4.3. It can be verified that if I\ • • - Id is contained in V Ann^A" then a is 
a Rees's superficial element of A" with respect to I for all a G [j* =1 h- Consequently, 
by [14, Lemma 2.2] which is a generalized version of [15, Lemma 1.2], for any set of 
ideals ii, . . . , I d and each (ki, . . . ,k d ) G N d , there exists a Rees's superficial sequence 
in Uf=i h with respect to M consisting of k\ elements of I±, . . . , k d elements of I d . 
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Let x be a Rees's superficial sequence of N with respect to ideals J, I and let x* 
be the image of x in (jf=o^- ^ can ^ e verified (or see [31, Remark 4.1]) that 



[A/yx*A/] (mj m) 



^ J n I n (N/xN) 



n>0, n>0 v ' ' 



(4.1) 

(m, m) 



for all m 3> 0; m 3> 0. Hence by Remark 4.1, we have 

J\f N 
dimSupp ++ ^ = dim-^-^-l. 

AT 

So x* is a mixed multiplicity system of M if and only if dim — — — — < 1. 

These comments help us define the following system. 

Definition 4.4. Let x be a Rees's superficial sequence of A" with respect to ideals 

J, I of the type (fco,k) G N d+1 . Then x is called a mixed multiplicity system of N 

N 

with respect to ideals J, I of the type (k , k) if dim — — — — < 1. 

Under our point of view in this paper, both the above conditions of mixed mul- 
tiplicity systems of iV are necessary to characterize mixed multiplicities of ideals in 
terms of the Euler-Poincare characteristic and the mixed multiplicity symbol of M 
with respect to a mixed multiplicity system of N '. 



Remark 4.5. Remark 4.3 proves that if x is a Rees's superficial sequence of iV with 
respect to J, I and x* is the image of x in {jf =Q Ti, then x* is a mixed multiplicity 
system of M if and only if x is a mixed multiplicity system of iV with respect to J, I. 



In order to describe mixed multiplicity formulas of ideals we need to extend the 
notion of mixed multiplicities. 

iV 

Definition 4.6. Let k e N and k G N d such that k Q + | k | > dim 1. We 



On : I c 



assign 



{TV 
e (j[*o+i] iM; jv) if k + I k I = dim — - 1, 
o n - n i°° 
if^ + | k |> dim ____i. 

Note that since 

e(j[*o+i] > lM ; jV) :=e(A/; fc ,k), 
it follows that E{M\ h , h) = E{ J^ +1 \ iW; AT) for all h + \ h |> dim Supp ++ A/". 
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Put Iq = J. Next, assume that a e I{ is a Rees's superficial element of with 
respect to J, I and a* is the image of a in Tj. Then we have 

( J n+1 I n /^ : a) p| J n I n iV 

= ((J n+1 I n 7^P|aA^) : a) p| J n I n N 

= (aJ n+1 rN : a) f] J n I n N 

= (j n+1 I n N + (Ojv : a)) p| JTAT 

= J n+1 I n N + (0 N : a) p| J n I n iV 

for all n ^> 0; n 3> 0. Consequently 

(J n+1 riiN : a) p| J n I n N = J n+1 I n N + (0 N : a) p| JTAT (4.2) 

for all n > 0; n > 0. From (4.2) it follows that 

( J n+1 I n IiN : a) f| J n I n iV 



(Oat : a*)(n, n) 



(Ojv : a) f| J n I n N 



(Ojv : a) f| J n+1 I n iV 

for all n ^> 0; n ^> 0. Remember that / = JI\ ■ ■ ■ Id- By Artin-Rees lemma, there 
exists u ^> such that 

m [(0jy:a)n/"A r ]^ n a ^ 

IUat . ; (n+tt , n+ul) - [{Qn . a) n /ujV] Jn+lpi (4.dj 

for all n > 0; n > 0. Fix the u and set 

W = (0 N : a) f] I U N; U = (0 N : a)/W. 

Since 

W : I°° = N : al°° D N : a, 
it follows that t//0[/ : I°° — 0. So dim U/0u ■ I°° < 0. Hence since the exact sequence 

— > W — >(0 N :a) — > U = (0 N : a)/W — > 0, 

we get that the mixed multiplicities of (0/v : a) and W with respect to ideals J, I are 
the same by [33, Corollary 3.9 (ii)]. So 

E(jl ko+1 \lM;W) = £(J [fco+1] ,I W ;0jv : a). 
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On the other hand by (4.3), we have 

E{0 M : a*; k , k) = E{f ko+1 \l^; W). 

Hence 

E(0 M : a*; k , k) = E(f ko+1 \l^; N : a). 

By (4.1), we get 

E(Af/a*Af; ko, k) = E{ J^ +1 \ 1^; N/aN). 
The above facts yield: 

Remark 4.7. We have E(A/"; fc , k) = £( jIW, iM; N). And if a e h is a Rees's 
superficial element of N with respect to J, I and a* is the image of a in Tj then 

£((W : a*; fc , k) = £( J [fc()+1] , I W ; 0^ : a); 
E(Af/a*Af; k , k) = £(j[ fe ° +1 l, I [k] ; N/aN). 

Now let x be a mixed multiplicity system of iV with respect to J, I of the type 
(ko, k) and let x* be the image of x in [_}f =Q Ti. Then x* is a mixed multiplicity 
system of Af of the type (fco,k) by Remark 4.5. Hence e(x*,Af) = x(x*,AT) by 
Proposition 3.8. And if k + | k |> dimSupp ++ A/' then 

e(x*,A') = X (x*,A') = J E(A'; fc ,k) 

by Theorem 3.12. On the one hand E(Af; k , k) = E( iM; TV) by Remark 4.7. 

AT 

On the other hand dimSupp , , Af = dim 1 by Remark 4.1. Therefore, 

++ O^v : /°° 

e( x *,A") = x(**,A0 = £(J [fco+11 ,i [k] ;A0 

, , N 
if /c + | k |> dim — — 1. Consequently, we have: 

Corollary 4.8. Let x. be a mixed multiplicity system of N with respect to ideals 
J, I of the type (k ,k) and let x* be the image o/x in {J d i=Q Ti. Then the following 
statements hold. 

(i) x* is a mixed multiplicity system of Af of the type (k ,k). 

(ii) X (x*,A0 = e(x*,A0. 

(iii) Ifko+ | k | > dim — ^- 1 then E(J^ +1 \ I [k] ; N) = x(x*,A") = e(x*,Af). 

Oat : i°° 
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In the case that JI\ ■ ■ ■ Id is not contained in ^Ann^A^, by Corollary 4.8 we 
immediately get the main result of this section. 

Theorem 4.9. Let (R, n) denote a noetherian local ring with maximal ideal n and 

infinite residue field R/n. Let J,Ii,..., I d be ideals of R with J being n-primary. Let 

N be a finitely generated R-module. Assume that I = JI\ • • • Id is not contained in 

N 

y/Ann R N and (k , k) e N d+1 such that k + | k | = dim — — 1. Let x be a 

Oat : i°° 

mixed multiplicity system of N with respect to ideals J, I of the type (/co,k) and x* 
the image o/x in Uf=o^- Then we have 

e (j[feo+i] )I [k] ;7V ) = X ( X *,AT) = e(x*,AT). 

Using different sequences, one expressed mixed multiplicities of ideals in terms 
of the Samuel multiplicity. For instance: in the case of n-primary ideals, Risler- 
Teissier [20] in 1973 showed that each mixed multiplicity is the multiplicity of an 
ideal generated by a superficial sequence and Rees [15] in 1984 proved that mixed 
multiplicities are multiplicities of ideals generated by joint reductions; for the case of 
arbitrary ideals, Viet [25] in 2000 characterized mixed multiplicities as the Samuel 
multiplicity via (FC)-sequences. 

Definition 4.10 ([25]). Let (R,n) denote a noetherian local ring with maximal 
ideal n and infinite residue field R/n. Let N be a finitely generated i?-module. Let 
I = Ii, . . . , 1^ be ideals of R. Set 3 — Ii ■ ■ ■ I d - An element a e R is called a weak- 
(FC)- element of N with respect to I if there exists i G {1, . . . , d} such that a e Ii 
and the following conditions are satisfied: 

(i) a is an 3-filter-regular element with respect to N, i.e., 0^ : a C 0^ : J°°. 

(ii) a is a Rees's superficial element of iV with respect to I. 

Let xi, . . . , xt be a sequence in R. Then xi, . . . , x t is called a weak-(FC) -sequence 

N 

of N with respect to I if weak-(FC)-element of — — with respect 

(x 1: ...,Xi)N 

to I for all % — 0, . . . , t — 1. A weak-(FC)-sequence of consisting of k\ elements 
of ii, . . . ,kd elements of Id is called a weak-(FC)-sequence of A^ of the type k = 
(k u ...,k d ). 

Note that [25] defined weak-(FC)-sequences in the condition 3 ^ y/AnnuN (see 
e.g. [5, 7, 14, 26, 27, 28, 30, 32, 33]). In Definition 4.10, we omitted this condition. 

The following comments are very useful for stating the next results. 
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dim Supp ++ — — -. < dim Supp ++ A/* 



Remark 4.11. Keep the notations as in Theorem 4.9. Set J = 7 and 7 = JI\ ■■■ Id- 
Denote by z* the image of z in (jf =0 Tj for each z C ljf =0 7j. 

(i) By Remark 4.1, 7 C Ann R N if and only if dim Supp ++ A/" < 0. In this case, x 
is a weak-(FC)-sequence and x* is a T ++ -filter-regular sequence with respect to 
Af for all x C |J^ =0 h- On the other hand, if 7 Gj \J AxiylrN then [33, Proposition 
4.5] proved that if x is a weak-(FC)-sequence of A" with respect to 7, I then x* 
is a T ++ -filter-regular sequence with respect to Af. Hence if x is a weak-(FC)- 
sequence of iV with respect to 7, I then x* is a T ++ -filter-regular sequence with 
respect to Af. 

(ii) Assume that a is a weak-(FC)-element of A" and a* is the image of a in T. 
Then by (i), a* is a T ++ -filter- regular element with respect to Af. Hence 

Af_ 

a*Af 

N 

by Remark 2.5. Now remember that dim Supp , , Af = dim 1 and 

++ N : 7°° 

dimSupp ++ ^r^= = dim—- — — — 1 by Remark 4.1. Consequently, 

til V . J. 

N , N 
dim — — — - — < dim 1. 

aN : 7°° ~ 0^ : 7°° 

On the one hand if 7 C ^AwhrN then x is a weak-(FC)-sequence for all 
x C |J^ =0 7j. On the other hand if 7 Gj y^Am^ffN then for any < i < d, there 
exists a weak- (FC) -element of A" with respect to 7,1 by [14, Proposition 2.3]. 
From this it follows that for each (&o,k) G N d+1 , there exists a weak-(FC)- 
sequence x of the type (fc , k). Now we choose (fc , k) such that 

, , N 
k + k > dim 1, 

1 1 - O^v : 7°° 

N 

then dim < 1. Hence x is a mixed multiplicity system of A" with 

respect to 7, 1 of the type (k , k). So for any (k Q , k) G N d+1 with 

, , N 
k Q + k > dim 1, 

° 1 1 - O^v : 7°° 
there exists a mixed multiplicity system of A" of the type (k , k). 

(iii) Note that if I £ y/Ann R N, then e( J[*° +1 ], I [0] ; N ) = e (J; by [25, Propo- 
sition 3.2]. 
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Corollary 4.12. Let k + | k |= dim 1. Let x be a weak-(FC) -sequence 

N : I°° 

of N with respect to J, I of the type (fc ,k) and let x* be the image o/x in [J i=0 Ti. 
Then 

(i) e(x*,A0 = X (x*,AT) = e(j[ fc «+ 1 ],lM;iV) = iM; ^). 

(ii) e(j[ feo+1 ], IM; N) ^ i/ and on/y z/dim = 1. In this case, 

Proof. Since x is a weak-(FC)-sequence of N with respect to J, I of the type (fc , k), 

x* is a T ++ -filter-regular sequence with respect to A/" of the type (ho, k) by Remark 

N 

4.11(i). On the other hand ko+ | k |= dim 1, dim Supp ++ A/" = ko+ | k | 

Oat : 7°° 

by Remark 4.1. So E(J\f; ko, k) = e(A/"; &o, k). Hence by Corollary 3.18, we have 

e(Af; fc O) k) = £(^/xW;0,O). 
Remember that E(Af/x*Af; 0, 0) = I™; JV/xiV) by Remark 4.7 and 

e(M\ fc ,k) = e(J [fco+1] ,I [k] ;W)- 
Consequently, by Theorem 4.9 we get (i) that 

e(x*,A0 = x (x*,A/-) = e(j[*° +1 i,i [k] ; AO = I™; 

So e(j[ feo+1 ],lM; AO ^ if and only if £(jW,I [0] ; ^) ^ 0. This is equivalent to 
dim^ = 1 and e(J^,I^; ^) ^ 0. But if dim^ = 1 then 

e (jW,lM;4 F )=e(J;^V)^0 
v xN 7 v xN : 7°° 7 

by Remark 4.11(iii). Hence e( j[ feo+1 l, I [k] ; AT) ^ if and only if dim^^ = 1. □ 
Recall that [25, Theorem 3.4] showed that (see e.g. [6, 7, 14, 27, 30, 32]) 

e (j[*o+i] j lM ; jV) ^ 

if and only if there exists a weak-(FC) -sequence of N of the type (0,k) with respect 
to J, I such that dim N/xN : 7°° = dimAf/Oiv : 7°°— | k | . In this case, we get 
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Hence Corollary 4.12(ii) is also an immediate consequence of [25, Theorem 3.4]. 

N 

By Remark 4.11(H), for each (fc ,k) G N d+1 with k + | k | > dim- — - 1, 

Ojv '■ 1°° 

there exists a mixed multiplicity system of N with respect to ideals J, I of the type 
(fc , k). Then by Corollary 3.19 and Remark 4.7, we obtain the following corollary. 



Corollary 4.13. Assume that I = Jl\---l d is not contained in y/ArnijiN and 
e(jt ko+1 \lM,N) ^ 0. Let be a mixed multiplicity system of N with 

respect to ideals J, I of the type (k ,k). Denote by (m.,, hj) = (m,i,hn, . . . ,h id ) the 
type of a subsequence xi, . . . , X; L of x for each 1 < i < s. And for each 1 < i < s, set 

N _ _ (xi, . . .,Xi-i)N : Xi 



(xi, . . . ,Xi-i)N 
Then the following statements hold. 

N N 

(i) dim — — — - — = dim — — % for each 1 < % < s. 

(ii) e (jM,i [kl ;^v) = < J ;^/rj^) -E:=i^(^°- m<+1 U [k - hi1 ;^)- 

Proof. Since x is a mixed multiplicity system of iV with respect to ideals J, I of the 
type (ko, k), x* is a mixed multiplicity system of the type (ko, k) of Af by Remark 
4.5. Recall that 

e(Af; k ,k)=e(f k » +1 \lW;N). 

Hence e(Af; k , k) ^ since e( iM; JV) ^ 0. Consequently by Corollary 3.19(i), 

we have 

dim Su PP++ -^] = dim Supp ++ A/" - % 

for each 1 < % < s. Therefore 

dim = dim — i 

{x u ...,Xi)N : I°° N :I°° 

for each 1 < % < s by Remark 4.1. We get (i). Remember that 

by Remark 4.11 (iii) . On the one hand 

E(Ar/xW;0,O) = E(jW,I [O] ;^) 
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by Remark 4.7. On the other hand since 



dimSupp ++ [-^] =0 and dim 



we get 



0, 0) = eCAf/xW; 0, 0) and E{J®, I™; ^) = e( jM I™; -^). 

Hence 

«°.°) = ^^)- 

It is easily seen by Remark 4.7 that for each 1 < % < s, 

= -E^ J^'-m. + l] j[k-hi]. (^1; • • -,Xi-i)N : X, 

V ' (xi, . . . ,Xi_i)7V 

Consequently, by Corollary 3.19(h) we get (ii). □ 

N 

In particular, if I = Ji, . . . , Id are n-primary ideals, then dim — = dimiV 

Oat : I°° 

N N 

and dim — — = dim — — — - — for each 1 < i < s. Hence we get 

( Xl ,...,Xi)N ( Xl ,...,Xi)N:I°° ~ ~ 

N 

dim - — — = dim N — i 

[x 1 , . . .,Xi)N 

for each 1 < % < s. So part of a parameter system for N. Moreover, 

in this case, e( iM, N) ^ for each (A; ,k) with k + | k |= dim N - 1 by [20]; 

and e(J; - ) = e(J; — ) by [25]. 
v xiV : I coJ v xiV y 1 J 

Then as an immediate consequence of Corollary 4.13, we have the following result. 

Corollary 4.14. Let J; I be n-primary ideals and dim N > 0. Let x = x\, . . . ,x s 

be a mixed multiplicity system of N with respect to ideals J, I of the type (k ,k). 
Denote by (mj, hj) = {mi, fin, . . . , hi d ) the type of a subsequence x±, . . . , Xj of x for 
each 1 < i < s. And put 

= (xi, . . . ,Xi_i)iV : Xj 
(xi, . . . ,Xi-i)N 
for each 1 < i < s. Then we have the following statements. 



(i) x is a part of a parameter system for N. 

N 
xiV 



ii) e(j[ fco+1 ],I [k] ;A0 = e(j;-^r) - ELi E(j^~ m > +1 \ 1^; N t ) . 



33 



References 



[1] M. Auslander and D. A. Buchsbaum, Codimension and multiplicity, Ann. Math. 68(1958), 625-657. 

[2] M. Brodmann and R. Y. Sharp, Local cohomology: an algebraic introduction with geometric appli- 
cations, Cambridge studies in Advanced Mathematics, 60, Cambridge, Cambridge University Press, 
1998. 

[3] W. Brans and J. Herzog, Cohen- Macaulay rings, Cambridge Studies in Advanced Mathematics, 39, 
Cambridge, Cambridge University Press, 1993. 

[4] R. Callejas-Bedregal and V. H. Jorge Perez, Mixed multiplicities and the minimal number of generator 
of modules, J. Pure Appl. Algebra 214 (2010), 1642-1653. 

[5] R. Callejas-Bedregal and V. H. Jorge Perez, (FC) -Sequences, mixed multiplicities and reductions of 
modules, arXiv:1109.5058(2011). 

[6] L. V. Dinh, N. T. Manh, T. T. H. Thanh, A Survey of some results for mixed multiplicities, 
arXiv:1207.2850(2012). 

[7] L. V. Dinh and D. Q. Viet, On two results of mixed multiplicities, Int. J. Algebra 4(1) 2010, 19-23. 

[8] M. Herrmann, E. Hyry, J. Ribbe, Z. Tang, Reduction numbers and multiplicities of multigraded 
structures, J. Algebra 197(1997), 311-341. 

[9] E. Hyry, The diagonal subring and the Cohen- Macaulay property of a multigraded ring, Trans. Amer. 
Math. Soc. 351(1999), 2213-2232. 

[10] D. Katz, J. K. Verma, Extended Rees algebras and mixed multiplicities, Math. Z. 202(1989), 111-128. 

[11] D. Kirby and D. Rees, Multiplicities in graded rings I: the general theory, Contemporary Mathematics 
159(1994), 209 - 267. 

[12] D. Kirby and D. Rees, Multiplicities in graded rings II: integral equivalence and the Buchsbaum - 
Rim multiplicity, Math. Proc. Cambridge Phil. Soc. 119 (1996), 425 - 445. 

[13] S. Kleiman and A. Thorup, Mixed Buchsbaum - Rim multiplicities, Amer. J. Math. 118(1996), 529- 
569. 

[14] N. T. Manh and D. Q. Viet, Mixed multiplicities of modules over Noetherian local rings, Tokyo J. 
Math. Vol. 29. No. 2, (2006), 325-345. 

[15] D. Rees, Generalizations of reductions and mixed multiplicities, J. London. Math. Soc. 29(1984), 
397-414. 

[16] P. Roberts, Local Chern classes, multiplicities and perfect complexes, Memoire Soc. Math. France 
38(1989), 145 - 161. 

[17] J. P. Serre, Algebre locale. Multiplicities. LNM 11, Springer, 1965. 

[18] J. Stuckrad and W. Vogel, Buchsbaum rings and applications, VEB Deutscher Verlag der Wisssen- 
schaften. Berlin, 1986. 

[19] I. Swanson, Mixed multiplicities, joint reductions and quasi-unmixed local rings , J. London Math. 
Soc. 48(1993), no. 1, 1 - 14. 



34 



[20] B. Teisier, Cycles evanescents, sections planes, et conditions de Whitney, Singularities a Cargese, 
1972. Asterisque, 7-8(1973), 285-362. 

[21] N. V. Trung, Reduction exponents and degree bound for the defining equation of graded rings, Proc. 
Amor. Mat. Soc. 101(1987), 229-234. 

[22] N. V. Trung, Positivity of mixed multiplicities, J. Math. Ann. 319(2001), 33 - 63. 

[23] N. V. Trung and J. Verma, Mixed multiplicities of ideals versus mixed volumes of polytopes, Trans. 
Amer. Math. Soc. 359(2007), 4711-4727. 

[24] J. K. Verma, Multigraded Rees algebras and mixed multiplicities, J. Pure and Appl. Algebra 77(1992), 
219-228. 

[25] D. Q. Viet, Mixed multiplicities of arbitrary ideals in local rings, Comm. Algebra. 28(8)(2000), 3803- 
3821. 

[26] D. Q. Viet, On some properties of (FC)- sequences of ideals in local rings, Proc. Amer. Math. Soc. 
131 (2003), 45-53. 

[27] D. Q. Viet, Sequences determining mixed multiplicities and reductions of ideals, Comm. Algebra. 
31(2003), 5047-5069. 

[28] D. Q. Viet, Reductions and mixed multiplicities of ideals, Comm. Algebra. 32(2004), 4159-4178. 

[29] D. Q. Viet, The multiplicity and the Cohen- Macaulayness of extended Rees algebras of equimultiple 
ideals, J. Pure and Appl. Algebra 205(2006), 498-509. 

[30] D. Q. Viet, L. V. Dinh, T. T. H. Thanh, A note on joint reductions and mixed multiplicities, 
arXiv:1110. 6239(2011), accepted by Proc. AMS. 

[31] D. Q. Viet and N. T. Manh, Mixed multiplicities of multigraded modules, Forum Math. (2011), DOI: 
10.1515/forum. 2011. 120. 

[32] D. Q. Viet and T. T. H. Thanh, On (FC)- sequences and mixed multiplicities of multigraded algebras, 
Tokyo J. Math. 34 (2011), 185-202. 

[33] D. Q. Viet and T. T. H. Thanh, On some multiplicity and mixed multiplicity formulas, Forum Math. 

(2011) , DOI: 10.1515/forum. 2011.168. 

[34] D. Q. Viet and T. T. H. Thanh, A note on formulas transmuting mixed multiplicities, Forum Math. 

(2012) , DOI: 10.1515/forum. 2011. 0147. 



